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ABSTRACT 

In recent years, there has been a lot of interest in the special functions of extended functions and their uses, 

some of which define the totality of partial analyses, provide useful tools for describing natural phenomena, and 

are thus more suitable for describing some applicable models. This work illustrates some of the rich theoretical 

and applied behaviors found in models of special functions, especially expansion-generalized gamma delta, and 

approaches to generalizing integrals and derivatives more comprehensively, through the weights provided by 

extended gamma functions. The researcher tried to link all the basic modifications that were obtained pre-

viously, and with a summary of the modifications that appeared on the most important special functions related 

to the extended generalized gamma function and the special functions overlapping with it related to the 

fractional calculus and more results about the generalized gamma function that occur in the diffraction theory, 

and some special functions related to fractional functions. Calculus and more results about the extended gamma 

function that occurs in diffraction theory that occurs in diffraction theory in most applications with full control 

over diffraction access to functions (of different scale) diffraction of light waves, in traditional diffraction 

theory. 
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INTRODUCTION: 

The followers of the gamma function will find its his-

torical roots back in an ancient time, in the year 1727, 

when Leonard Euler was able to study the function for 

the first time (Davis, 1959). In the year 1730, Christian 

Goldbach was able to modify the period of defining 

the integral of the gamma function for the period [0, 

1], where he reformulated it in an equivalent form to 

the first form using the modification of the gamma 

function (Sandifer, 2007). 
 

During the eighteenth century, the derivation of many 

properties and applications of the gamma function ap-

peared in various engineering, physical and financial 

sciences. One of the most important special functions 

has applications in many fields of science, for example, 

analytic number theory, statistics, and physics. We recall 

that the gamma function is defined in the simple form 

(Yousif and Arbab, 2022; Larry, 1992). 
 
 

Г(𝑥) = ∫ 𝑡𝑥−1+∝
0 𝑒−𝑡𝑑𝑡 .  𝑊ℎ𝑒𝑟𝑒 𝑅𝑒(𝑥) > 0 

 

Using the modulation in the abbreviated domain [0, 1], 

we get the formula 
 

Г(𝑥) = ∫ [−log (𝑡)]𝑥−1+1
0 𝑑𝑡 .  𝑊ℎ𝑒𝑟𝑒 𝑅𝑒(𝑥) > 0 
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It can be easily observed that there is relationships lin-

king the definition of the gamma function with the 

integral formula of the Laplace transform, as - 
 𝐿(𝑓)(𝑥) = ∫ 𝑓(𝑡)+∝

0 𝑒−𝑥𝑡𝑑𝑡 
 

Using a simple substitution when 𝑅𝑒(𝑥) > 0, we find 

that the gamma function is a special case, as follows: 
 

Г(𝑥) = 𝐿(𝑓)(1) = ∫ 𝑓𝑥(𝑡)+∝
0 𝑒−𝑡𝑑𝑡.  𝑊ℎ𝑒𝑟𝑒 𝑓𝑥(𝑡) = 𝑡𝑥−1 

 

Until the mid-20
th
 century, mathematicians relied on 

hand-made tables; in the case of the gamma function, 

notably a Table computed by Gauss in 1813 and one 

expressing its mathematical formula by Legendre in 

1825 (Wikipedia, 2015). Use respectively the change 

of variables for 𝑅𝑒(𝑥) > 0 we get the function equ-

ation in the new form: 
 

Г(𝑥) = ∫ 𝑡𝑥−1+∝
0 𝑒−𝑡𝑑𝑡 = 2∫ 𝑡2𝑥−1+∝

0 𝑒−𝑡2𝑑𝑡 
 

As a reminder, we note that the researchers, both Euler 

and Legendre, studied the beta function and defined it 

by the following integral form: 
 𝐵(𝑥, 𝑦) = ∫ 𝑡𝑥−1(1 − 𝑡)𝑦−1+1

0 𝑑𝑡= Г(𝑥)Г(𝑦)
Г(𝑥 + 𝑦) .  𝑊ℎ𝑒𝑟𝑒 𝑅𝑒(𝑥) > 0. 𝑅𝑒(𝑦)> 0 

 

In continuation to the basic and wonderful results shown 

by previous studies on the gamma function referred to 

earlier in various fields, especially in many theoretical 

and practical applications, many researchers are encou-

raged to suggest generalized formulas for this function. 

Abdul Moiz & Bachioua, (2017) and Kobayashi, (1991) 

proposed an additional generalized formula for the 

gamma function in terms of three basic parameters, & 

it was expressed by the following formula: 
 

Г𝑟(𝑥, 𝑛) = ∫ 𝑡𝑥−1(𝑡 + 𝑛)𝑟+∝
0 𝑒−𝑡𝑑𝑡 .  𝑊ℎ𝑒𝑟𝑒 𝑅𝑒(𝑥) > 0. 𝑟> 0. 𝑅𝑒(𝑛) > 0 

 

It is obvious that this function reduces to a simple case 

Г(𝑥) = Г0(𝑥, 𝑛) of gamma function. This generalized 

formula has achieved useful functions in the problems 

of diffraction theory, and the problems of corrosion 

and rust of metal production machines, and for this, the 

formula of the generalized function was modified by 

Kobayashi, (1991) and its formula became with four 

parameters as follows: 

Г𝑟(𝑥, 𝑛, 𝜆) = ∫ 𝑡𝑥−1+∝
0 (𝑡 + 𝑛)−𝑟𝑒−𝜆𝑡𝑑𝑡 .𝑊ℎ𝑒𝑟𝑒 𝑅𝑒(𝑥)> 0. 𝑟 > 0. 𝜆 ≥ 0. 𝑅𝑒(𝑛) > 0 

 

The researchers allowed the modified formula in terms 

of four parameters obtained to find the basic constr-

aints that allow neutralizing some side aspects of the 

formula of the integrative function, as it appears the 

possibility of excluding the exponential part of the in-

tegral, which is represented in this case by the fol-

lowing formula: 
 

Г𝑟(𝑥, 𝑛, 0) = ∫ 𝑡𝑥−1+∝
0 (𝑡 + 𝑛)−𝑟𝑑𝑡 

 

The researchers Chaudhry & Zubair, (2001) studied in 

depth the proposed new case for the new formula of 

the generalized gamma function in terms of the two 

parameters, which was formulated in terms of the in-

tegral function as follows in the formula: 
 

Г𝑟(𝑥) = ∫ 𝑡𝑥−1+∝
0 𝑒−𝑡−𝑟𝑡𝑑𝑡;  𝑤ℎ𝑒𝑟𝑒𝑅𝑒(𝑥) > 0  

 

Recently, Bachioua studied with interest and in-depth 

the proposed cases and extended the formula for the 

gamma function referred to earlier. In 2004, he pro-

posed an expanded extension of six coefficients of the 

gamma function, where he defined the basic conditions 

for the convergence of the proposed extended integral 

(Bachioua, 2004), which he presented with the fol-

lowing integral formula: 
 𝛬𝑟(𝛼,𝑚, 𝑛, 𝑝, 𝑘, 𝜆) = ∫ 𝑡𝛼−1+∝

0 (𝑡𝑚 + 𝑛)−𝑟𝑒−𝜆𝑡𝑝−1𝑑𝑡 ,𝑊ℎ𝑒𝑟𝑒 𝑅𝑒(𝛼), 𝑅𝑒(𝑛) > 0, 𝑟 > 0, 𝜆, 𝑝 ≥ 0 
 

Through the general formula and by fixing the values 

of the parameters, it is noted that it is simply possible 

to obtain most of the previous formulas with trans-

formations of the values of the six parameters included 

in the proposed function model. Expanding the scope 

of including the expected formulas, the exponential 

part of the proposed formula was expanded and modi-

fied, as the researcher presented a new modified for-

mula in the proposed model with the following for-

mula: 
 𝛬𝑟(𝛼,𝑚, 𝑛, 𝑝, 𝑘, 𝜆, 𝛾)= ∫ 𝑡𝛼−1+∝

0 (𝑡𝑚 + 𝑛)−𝑟𝑒−𝜆𝑡𝑝−1+𝛾𝑡−𝑘𝑑𝑡 
 

The new formulations of the gamma function have 

confirmed its importance in many applications, esp-

ecially in probability distributions, stochastic models, 
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entropy, and other special physical and integral ap-

plications (Andrews, 1985; Lebedev, 1972). It is re-

commended to specify the estimations of the values of 

the basic parameters through the finite domain, which 

makes the integral convergent to the expanded integral. 

The researcher indicates that by reading the references 

related to the topic of the gamma function, he found 

that there are many important studies that dealt with 

the subject and the applications of the extended and re-

gular gamma function, and it is found in many refer-

ences that dealt with this function in various simple 

topics of life. The results obtained for the applications 

of the gamma function prove the tremendous success 

of the gamma function. Several authors have identified 

and discussed different types of gamma functions in 

recent years. More recently, Kobayashi considered flat 

wave diffraction by tape using the Wiener-Hopf tec-

hnique (Kobayashi, 1991; Abramowitz, 1972). The 

generalized form of the hyper geometric function has 

been investigated by Malovi chko, (1976).The gamma 

function by inserting a hyper geometric Gaussian fun-

ction (Saboor and   Ahmad, 2012) into it. Agarwal and 

Kalla, (1996) define and study the generalized gamma 

distribution. They used a modified form of Kobaya-

shi's. Al-Musallam and Kalla, (1997 and 1998)) ex-

tended the gamma function by engaging a supra-geo-

metric Gaussian function. Sexena and Kalla, (1960) 

discuss a hyper-geometric gamma function Saxena & 

Kalla, (2001). Although the Wiener-Hopf technique 

(Noble, 1988) is a powerful tool for studying wave 

scattering and diffraction problems related to strips and 

slits (Kobayashi, 1991). We recall well that the field of 

use of the generalized gamma function is a wide range, 

as we mention the fractional calculus, diffraction, con-

trol theory, tracking physical waves, and tracking en-

tropy calculations (Bachioua, 2006 and 2021)), and the 

research is still ongoing to test this function in inte-

grative approximations and study the probability dis-

tributions associated with phenomena Randomness 

that falls under the field of generalized probability dis-

tributions, and many researchers have referred to some 

of these applications and are referred to in the refer-

ences (Caputo, 1967; Guseinova and Mamedov, 2007). 
 

Saboor et al. (2012) identified the bivariate gamma 

function and its corresponding density function and 

discussed some of its properties. Chaudhry, Aslam, & 

Zubair, (2001) provided an extended Gamma function. 

It is interesting to note that gamma, generalized gamma, 

Gamma-type functions, and extensions identified by 

(Ghitany et al., 2012; Zamel et al.,2012; Saboor et al., 

2012; Ali et al., 2001; Jade, 1953), Recently A. Al-

Zamel has introduced a new gamma type (Al-Zamel, 

2001 & Bachioua and Abdulmoiz, 2017) follow as 

special cases of our standard form of Extended Gamma 

Functions. Fig. (a:1), (a:2), (a:3), (a:4), (a:5), (a:6), 

(a:7) (a:8), (a:9), (a:10) give a clear idea, which are 

drawn in the plan. 

 

 
Graph (a;1): Extended Gamma function 

 2,1,1,2/1,2,1,2;2/1   rkpnm  
 

 
Graph(a;2): Extended Gamma function

 
1,5,1,2/1,2,1,2;2/1   rkpnm  

 
Graph(a;3): Extended Gamma function

 

 
1,5,1,2/1,2,2,2;3   rkpnm  

 
Graph(a;4): Extended Gamma function

 

 4,3,1,1,2,2,0;1   rkpnm  
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Graph(a;5): Extended Gamma function

 
1,3,1,1,3,0,2;0   rkpnm  

 
Graph(a;6): Extended Gamma function

 
1,3,3,1,3,0,1;5   rkpnm  

 

 
Graph(a;7): Extended Gamma function

 
0,1,1,2,2,1,2;4/1   rkpnm  

 
Graph(a;8): Extended Gamma function

 
3,2,1,1,2,1,2;4/1   rkpnm  

 

 
Graph(a;9):

 
Extended Gamma function

 
4,3,2,3,2,2,2;3   rkpnm  

 
Graph(a;10): Extended Gamma function

 
5,4,2,2,1,1,1;1   rkpnm  

 

It is observed through the various graphs obtained to 

extend the generalized gamma function when fixing 

some values for the eight parameters that the extended 

gamma function is defined in terms of the eight basic 

parameters, and it is clear that the shape of this func-

tion extends on the horizontal surface of some para-

meters and takes the form of the function values re-

presented in The vertical line, where the figure shows 

the clear exponential form with some inflections, and 

therefore it is necessary to expand the target special 

cases, and connect them to the area of convergence of 

integration defined by the approximation domain of 

the expanded gamma function with the new extended 

generalized gamma function. 

 

Some Transform and Extended GAMMA Function 

We remember well that the Laplace transform is among 

the algebraic effects expressed by the process of inte-

gration. The transformation is named after the French 

scientist Laplace, who lived in the nineteenth century. 

(Abramowitz and Stegun, 1972), where they are per-

formed on mathematical functions in order to convert 

them from one specific field to another, usually the 

conversion from the time domain to the frequency do-

main, which is similar to the Fourier transform opera-

tor, except that it was developed independently of 

other transformations (Niazai et al., 2022). 
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The Laplace transform is very useful in the analysis of 

systems extensively in linear functions, unlike the Fou-

rier transform, which is commonly used in the analysis 

of signals and topics related to topics in electronics; in 

addition to that it is used to solve complex differential 

equations because it transforms them into algebraic 

equations: 
 𝐿(𝑓)(𝑥) = ∫ 𝑓(𝑡)+∝

0 𝑒−𝑥𝑡𝑑𝑡 
 

Laplace Transforms can return the extended general 

gamma function form: 
 

Ʌ𝑟(𝛼,𝑚, 𝑛, 𝑝, 𝑘, 𝜆, 𝛾)= ∫ 𝑡𝛼−1+∝
0 (𝑡𝑚 + 𝑛)−𝑟𝑒−𝜆𝑡𝑝−1+𝛾𝑡−𝑘𝑑𝑡 

= ∫ 𝑡𝛼−1+∝
0 (𝑡𝑚 + 𝑛)−𝑟𝑒−𝑡{𝜆𝑡𝑝−2+𝑡−𝑘−1} = 𝐿(𝑓)(𝜆𝑡𝑝−2 + 𝑡−𝑘−1),𝑊ℎ𝑒𝑟𝑒 𝑓𝑥(𝑡) = 𝑡𝛼−1(𝑡𝑚 + 𝑛)−𝑟 

 

There are many characteristics that characterize the 

Laplace transform, which are known to specialists to 

facilitate its use in the specified ranges, especially in 

the analysis of linear systems in the field of calculus. 

The most important of which are cases to facilitate the 

solution of differential equations and their associated 

fields, which can be expressed in the cases guaranteed 

by the transformation. We also mention that there are 

researchers who define the beta-Euler transformation 

as an extension of the private transformation, and this 

transformation is expressed in the following integral 

form: 
 𝛽{(𝑓)(𝑥);  𝛼. 𝑟} = ∫ 𝑥𝛼−1+∝

0 (1− 𝑥)−(𝑟−1)−1𝑓(𝑧)𝑑𝑧, 𝑅𝑒(𝛼), 𝑅𝑒(𝑟) > 0 
 

We deny that the Laguerre transformation is generally 

formulated using polynomial functions, and is expres-

sed by the following integral: 
 𝐿{(𝑓)(𝑥)}  = ∫ 𝑒−𝑥+∝

0 𝑥µ𝐿𝑛µ (𝑥)𝑓(𝑥)𝑑𝑥,𝑊ℎ𝑒𝑟𝑒 𝐿𝑛µ (𝑥) , 𝑛 ≥ 0 
 

Fractional Calculus and Extended Generalized GA-

MMA Function 

In this part we always adopt the fractional differ-

entiation involved in the following Caputo type [22] 

defined by the following formula: 
 𝐷𝛼𝜃(𝑥) =  𝐽𝑠−𝛼𝜃(𝑠)(𝑥), 𝛼𝜖𝐼𝑅+ 

The value of α is taken in the range [0.1], this para-

meter represents the fractional value that expresses the 

fractional order of differentiation. 𝜃(𝑠) Represent’s the 𝑠-order of the derivative, and 𝜃(𝑥) indicates the mini-

mum integer not less than the fractional parameter, 

and 𝐽µ is described by - 𝐽µ𝜗(𝑥) = (Г(𝜇))−1∫ (𝑥 − 𝜒)𝜇−1𝑥
0 𝜗(𝜒)𝑑𝜒, 𝜇𝜖𝐼𝑅+ 

Where Г(𝑥) = ∫ 𝑡𝑥−1+∝0 𝑒−𝑡𝑑𝑡 .𝑊ℎ𝑒𝑟𝑒 𝑅𝑒(𝑥) > 0 
 

We know very well that from the references reviewed, 

many generalizations and additions have been made to 

the generalized gamma function by extension, and that 

is why we ask here what changes and additions these 

extensions and additions can provide to the number of 

parameters when the gamma function is expressed in 

its generalized & extended form. We try to study here 

the first case proposed by Agarwal et al. (1996), they 

refer to the following formula (Agarwal & Kalla, 1996). 

Г𝑟(µ, 𝑛, 𝛼) = ∫ 𝑡µ−1(𝑡 + 𝑛)−𝑟+∝
0 𝑒−𝛼𝑡𝑑𝑡= 𝛼𝑟−µГ𝑟(µ, 𝛼𝑛) 

 

In an important simple special case, we find that  Г0(µ)=𝛼−𝜇Г(𝜇), 
 

Analytical Properties of Fractional Calculus 

The idea of partial calculus dates back to the seven-

teenth century (Dugowson, 1994), and by the twenty-

first century, many different partial calculus factors 

have been identified over the past years. Those inter-

ested in this topic note that many methods and mecha-

nisms have been proposed that facilitate the process of 

defining fractional integrals, and the derivatives as-

sociated with them, as it is noted that some of them are 

equivalent to the definition of Riemann-Liouville, while 

others show slight differences in the formula referred 

to, which allows the search for factor formulas that in-

clude the different cases in a comprehensive formula. 

The integrals and derivatives of Riemann-Liouville are 

respectively known by the following mathematical for-

mulas (Dugowson, 1994). 
 𝐼𝑡𝑣𝑎𝑅𝐿 𝑓(𝑡) ≔ (Г(𝑣))−1∫ (𝑡 − 𝑢)𝑣−1𝑡

𝑎 𝑓(𝑢)𝑑𝑢,𝑅𝑒(𝑣) > 0 
 𝐷𝑡𝑣𝑎𝑅𝐿 𝑓(𝑡) ≔ 𝑑𝑛𝑑𝑡𝑛 𝐼𝑡𝑛−𝑣𝑎𝑅𝐿 𝑓(𝑡), 𝑛 ≔ ⌊𝑅𝑒(𝑣)⌋ + 1 ,𝑅𝑒(𝑣) ≥ 0 
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It is often expressed in the form of the Riemann-Lio-

uville model and in the form of an infinite convergent 

series, which is convergent (Baleanu and Fernandez, 

2018). In order to modify the form of modern terms & 

concepts in the subject & unify them in a general way, 

we now begin to review some of these basic definitions.  
 

Definition (1) 

We present the formula for defining the reduced partial 

integrals of the interval [𝑎. 𝑏], and the complex para-

meters α, β ∈ IC, providing that  𝑅𝑒(𝛼) > 0.𝑅𝑒 (𝛽) ≥0 . The (𝛼. 𝛽)𝑡ℎ Tempered partial integralof function 𝑓 ∈ 𝐿1[𝑎. 𝑏], where its defined form is presented as 

follows: 𝐼𝑡(𝛼.𝛽)𝑎𝑇 𝑓(𝑡) = (Г(𝛼))−1∫ (𝑡 − 𝑢)𝛼−1𝑒−𝛽(𝑡−𝑢)𝑡
𝑎 𝑓(𝑢)𝑑𝑢,𝑡 ∈ [𝑎. 𝑏] 

 

Definition (2) 

We present the formula for defining the reduced partial 

derivatives of the interval [𝑎. 𝑏], and the complex para-

meters𝛼 ,𝛽 ∈ 𝐼𝐶 , providing that 𝑅𝑒(𝛼). 𝑅𝑒(𝛽) ≥ 0 . 

The(𝛼. 𝛽)𝑡ℎTempered partial derivative of function: 
 𝑓 ∈ 𝐿1[𝑎. 𝑏],  𝐷𝑡(𝛼.𝛽)𝑎𝑇 𝑓(𝑡) = ( 𝑑𝑑𝑡 + 𝛽)𝑛 ( 𝐼𝑡(𝑛−𝛼.𝛽)𝑎𝑇 𝑓(𝑡)) .  𝑡 ∈ [𝑎. 𝑏] 
 

In 2020, Fernández and Ustaoglu studied the integral 

and derivative factors of partial calculus and the frac-

tional properties. They examined many analytical pro-

perties, discovered many connections and relations 

used in the classic Riemann-Liouville fractional arith-

metic - and then showed how these special relations 

and the mechanism of fixing parameters with their own 

values could be used to obtain On special functions, 

and show the analog of Taylor's theorem for integral 

inequality to enrich the mathematical Fractional and 

diffraction and control theory. The fractional differ-

ential function equivalent to the Volterra integral equ-

ation of the second kin continuous function equation is 

expressed by the formula: 
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This is calculated after fixing the initial values that fit 

the situation while defining the range of appropriate 

conditions for the initial arithmetic operations and their 

properties. This is done through the mathematical for-

mula expressed in the form in the following form: 
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The system of approximate equations of fractal fun-

ctions obtained using the extended gamma function 

allows to extend from the study of many phenomena 

related to stability and partial and complete chaos for 

many random phenomena that fall within the app-

lications of partial calculus, which many researchers 

touched upon, note the reference (Matouk et al., 2021), 

which is the topic The current concern is the concern 

of many specialists and researchers in the subject, and 

we leave the room for those wishing to conduct deeper 

research on this subject so that the values of the regular 

gamma function are replaced with the values of the 

extended generalized gamma function.  
 

Generalized Transforms & Some Special Functions 

The extended generalized gamma function has been 

introduced by many researchers since the  Kobayashi's 

generalized gamma function (1991) (Kobayashi, 1991 

& Kobayashi, 1991) is a very general function inten-

ded to include most known private functions as certain 

instances, including beta and hypergeometric fun-

ctions. This was not the only attempt of its kind in the 

search for a mechanism for using special functions and 

ways to generalize them, as the researcher proposed 

2020 a generalized formula to achieve the same goal in 

the field of applying random variables in tracking mo-

deling the spread of the Corona 19 pandemic, where 

the researcher was able through the extended general 

formula to include some those are special cases, too. 

The first definition was given by Chaudhry using an 

approximate series of the generalized gamma function, 

and at the present time, there are many attempts to 

generalize the definition and expand the fields of ap-

plication. The researcher accepted and continues to 

study the basic special signs and their relationship to 

known and related transformations with the issue of 

the extended generalized gamma function. In mathe-
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matics, the Mellin transform is integral that can be 

thought of as a multiple of the two-sided Laplace trans- 

form. This transformation was initially named after the 

Finnish mathematician Hjalmar Milen, who presented 

it in a paper published in 1897 in Acta Societatis Scie-

ntiarum Fennicæ. We mention that this integral trans-

formation is closely related to Dirichlet series theory 

and is often used in number theory, mathematical sta-

tistics, and asymptotic probability expansions theory; 

In addition to its connection with the Laplace trans-

form, the Fourier transform, the theory of properties of 

gamma and beta functions and other associated special 

functions. The two-mile transformation of the function 

f is expressed by the following mathematical formula 

(Mellin, 1960), 
 𝑀{𝑓(𝛼)} = 𝜑(𝑠) = ∫ 𝑥𝛼−1𝑓(𝑥)𝑑𝑥+∞

0  

Where 𝑓(𝑥) = (𝑥𝑘 + 𝑛)−𝑟𝑒−𝛾𝑡 
 

The notation used indicates that this is an integral line 

taken on a vertical line in the complex plane, the real 

part, as well as the conditions determined by the initial 

case for calculating the value of the constant C pro-

vided that it satisfies certain conditions. The initial 

conditions under which this inverse transformation 

exists are established to find the appropriate function 

formula, which is defined and its validity is known in 

the inverse Millen transformation theorem and is 

defined by the following formula: 
 𝑀−1{𝜑}(𝑥) = 𝑓(𝑥) = 12𝜋𝑖 ∫ 𝑥𝑠𝜑(𝑠)𝑑𝑠𝑐+𝑖∞

𝑐−𝑖∞  

 

Mellin Transform is widely used in software and com-

puter sciences for its use in analyzing complex algo-

rithms, because of its scale stability property, similar to 

the well-known Fourier transform property. The size of 

the Fourier transform of the time displacement func-

tion and the tracing of the before and dimensional 

variables is the same as the size of the Fourier trans-

form of the original target function in the trans-for-

mations. This feature is useful for the recognition of 

images to be studied (Andrews, 1985), as it is easy to 

scale an object's image easily when the object moves 

toward or away from the camera smoothly and un-

cluttered. In the study of quantum mechanics, espe-

cially quantum field theory, the Fourier space field is 

very useful and widely used in tracing states because 

momentum and position are Fourier transforms for 

each other, Liam Fitzpatrick and others (Bertrand et 

al., 1999). Chaudhry was able to study a special case 

represented by a special transformation of the general-

ized gamma function proposed by him, where he ap-

plied it in some basic fields, which were (thermonu-

clear astrophysics) as he mentioned in the article, and 

provided important results that provided essential addi-

tions, and here we ask about applications of this trans-

formation of the extended gamma function pro-posed 

in this article, which is a comprehensive general case 

for the previous cases, and we leave the space for spe-

cialists to provide interest and apply it to related issues 

and topics with the proposed modifications (Chaudhry,  

1998). The Digamma function is defined as the quo-

tient of the derivative of the logarithmic function of the 

gamma function, and is expressed in the form of the 

following rational function: 
 𝜑(𝑥) = 𝑑𝑑𝑥 𝑙𝑛(┌(𝑥)) = ┌′(𝑥)/┌(𝑥) 
 

The Digamma function appears in many physical pro-

blems, most notably in the comparison and use of in-

equality-normalizing inequalities, which can be appro-

ximated by a general divergent harmonic series. This 

path was suggested by Abramowitz (Abramowitz and 

Stegun, 1972), and the Polygamma function is defined 

by it follows the n+1 derivative differentiation of the 

gamma function with a simple modification to ex-press 

the term expressed in the equation below, which is a 

partial function of the complex numbers ℂ defined as 
the derivative of the logarithm of the gamma function, 

and is expressed by the following basic general for-

mula: 𝜑(𝑛)(𝑥 + 1) = 𝑑𝑛+1𝑑𝑥𝑛 + 1 𝑙𝑛(┌(𝑥 + 1)) = 𝑑𝑛+1𝑑𝑥𝑛 + 1 𝑙𝑛((𝑥!)) 
 

Extended Generalized Gamma Function and Some 

Special General Distributions 

The generalized extended gamma distribution is a con-

tinuous probability distribution with seven parameters. 

It is a generalization of the six-parameter gamma dis-

tribution. Since many of the distributions commonly 

used for parametric models in survival analysis (such 

as generalizations to families of the exponential distri-

bution, Weibull distribution, and extended gamma dis-

tribution) are special cases of generalized gamma, they 

are sometimes used for the parametric case appropriate 

and representative of a set of mixtures of phenomeno-
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logical models representing a set Certain field data. 

This article expresses an opportunity for a new gene-

ralization of the generalized gamma distribution called 

modified extended generalized gamma distribution 

was introduced to provide greater flexibility in data 

modeling in practice and fitting data. From the resea-

rcher's point of view, the generalization of the pro-

posed new distribution formula includes some of the 

previous generalizations that were made recently for 

the general distributions of both gamma and beta. In 

this way, it presents the totality of the various pro-

perties of the proposed distribution in its general form, 

including the explicit expressions of the moments as-

sociated with the parameters of shape, form, and mea-

sure, which express the quantities, the starting position 

of the target states of the data, a basic function for 

generating instantaneous quasi-random data, the mean 

deviation, the mean remaining life and the expression 

of different entropy subjects through the implicit 

derivative of this distribution. The distribution is able 

to provide additions, expansions, increases, and decre-

ases in a monotonous manner for different risk ratios 

in the shape of the bathtub and the shape of the in-

verted bathtub, and the maximum likelihood estimates 

for the parameters of this new extended generalization 

are represented by Mead Mohamed et al. (Guseinova 

and Mamedov, 2007). Several studies have been done 

on special cases of the generalized gamma distribution 

(GGD), which includes the four and three-parameters 

of the general gamma distribution, the Weibull and the 

two-parameter gamma distributions, and the exponen-

tial distribution as special cases by Rama, Shanker; 

Kamlesh Kumar, Shukla, where during the study the 

hazard rate function and the random arrangement of 

the continuous distribution were discussed, and the 

maximum probabilistic values were discussed to esti-

mate the parameters that express the target condition, 

and thus the applications of the proposed distribution 

were discussed with two real-life field data sets and the 

quality of fit is completely satisfactory and on the 

generalized distributions of gamma, normal gamma, 

Whipple and exponential distribution, etc. by Shankar 

Rama et al. (2018). It is noticed from the general 

formula of the distribution that it is not possible to 

obtain the unknown parameters in their explicit forms, 

and that is why they had to be obtained only by solving 

the nonlinear equations during the process of esti-

mating the parameters. For this, two sets of real data 

were analyzed to show how the proposed models work 

and the allowed additions in complex applications, and 

to show results that allow the new models to be pre-

sented in their smooth form. The new extended 8-para-

meter form of the extended generalized gamma function 

of a 6-parameter model with the extended generalized 

gamma distribution model function was introduced by 

Bachioua, (2009). These proposals show several new 

distributions as special cases of this proposed distri-

bution, which are given as follows: 
 𝑓𝑋(𝛼,𝑚, 𝑛, 𝑝, 𝑘, 𝜆, 𝛾)= 𝑥𝛼−1[𝑥𝑚 + 𝑛]−𝑟

Ʌ𝑟(𝛼,𝑚, 𝑛, 𝑝, 𝑘, 𝜆, 𝛾) 𝑒𝑥𝑝{−𝜆𝑥𝑝−1+ 𝛾𝑥1−𝑘} 
 

The Values of eight parameters of the extended gene-

ralized gamma function defined in the domain that 

makes the integration of the extended gamma function 

convergent and determinant, which are given as: 
 

Ʌ𝑟(𝛼,𝑚, 𝑛, 𝑝, 𝑘, 𝜆, 𝛾)=  ∫ 𝑥𝛼−1[𝑥𝑚 + 𝑛]−𝑟+∞

0 𝑒𝑥𝑝{−𝜆𝑥𝑝−1+ 𝛾𝑥1−𝑘}𝑑𝑥 
 

The new distribution is proposed to cover applications 

related to the new model function, and it is proposed to 

extend the study of statistical properties, reliability and 

severity functions, and estimate the distribution coeffi-

cients using different methods, and ensure that this 

new distribution model is suitable to accommodate di-

verse applications since it has a variety of shapes, 

Especially for component lifetime distribution where 

the presence of offset and intensity parameters is very 

important where - 

.,, Rcba
 

 

This proposed model displays a variety of parameters 

that are characterized by rich dynamics, including 

sensitivity to chaotic attractants, for example. The 

general formula for the density distribution has been 

reformulated in terms of eight basic parameters, in a 

way that includes and facilitates the process of esti-

mating the parameters, and in order to accommodate 

their different forms, as some of them were drawn in 

terms of one parameter with the rest fixed, and many 

important cases have been shown.
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Extended Gamma Distribution Model & Entropy 

In the last century, German physicist Rudolf Clausius 

introduced the first concept of entropy in 1850 and was 

the most important landmark in 19
th
 century physics. 

The amount of entropy is the work obtained from the 

desired molecular motion and is a measure of the 

molecular disorder, or randomness, of the system. The 

phenomenon of entropy is when a measurement of the 

thermal energy of a system per unit temperature is not 

available in order to do useful work for the phenomena 

to be studied, which is why the idea of entropy pro-

vides an intuitive mathematical method for tracking 

impossible, unstable processes, even though it adheres 

to the terms of the basic law of conserved energy by 

Rudolf Clausius, (1865). In 1948, Claude Shannon in-

troduced the concept of information entropy in the 

field of information theory as the intermediate level in-

herent in the possible outcomes of a variable by Shan-

non (Shannon, 1948). 
 H𝑟(𝛼,𝑚,𝑚, 𝑝, 𝑘, 𝜆, 𝛾)(𝑋) = 𝐸[− ln(𝑓(𝑋)]                       

 = 𝐸(Ʌ𝑟(𝛼,𝑚,𝑚, 𝑝, 𝑘, 𝜆, 𝛾) − (𝛼 − 1)𝑙𝑛(𝑋) −𝑟𝑙𝑛[𝑋𝑚 + 𝑛] + 𝜆𝑋𝑝−1 + 𝛾𝑋1−𝑘)   = Ʌ𝑟(𝛼,𝑚,𝑚, 𝑝, 𝑘, 𝜆, 𝛾) − (𝛼 − 1)𝐸(𝑙𝑛(𝑋))− 𝑟𝐸(𝑙𝑛[𝑋𝑚 + 𝑛])+ 𝐸(𝑙𝑛[𝜆𝑋𝑝−1 + 𝛾𝑋1−𝑘])  
 

The principle of using entropy theory allows to derive 

properties for more general distributions in their gene-

ral form, and by using different constraints and condi-

tions, whereby during fixation of some parameters 

some aspects are fixed and additional for-mal aspects 

are traced (Singh, 1998), where the general theoretical 

idea is summarized by entropy maximization accor-

ding to the principle of maximum entropy, fixed con-

cerned and unconcerned distribution parameters are 

defined, and applied to the observed data is a pre-de-

termined set under the constraints and conditions that 

are within the scope of the underlying data accepted by 

parameter coverage. This has been applied in pheno-

mena such as flood frequency analysis using observed 

datasets in order to assess the predictive power of the 

extended gamma distribution and comparison of flood 

values by designing different years based on the dis-

tributions originating from different families of dis-

tributions given by Lu Chen et al. (2017).  
 

Tracing the entropy state of random phenomena in-

cluded in the representative system by extending the 

generalization of the proposed gamma distribution 

needs to study the effect of the parameters of the 

function Hr(α,m,m, p, k, λ, γ)by fixing some limits of 

the values of the eight parameters and studying the 

variable, which are many thus, the field expands and 

gives a wide range and margin to represent many of 

the basic phenomena related to the changes of the 

studied phenomena targeted by the entropy. Fig. (b:1), 

(b:2), (b:3), (b:4), (b:5), (b:6), (b:7), (b:8), (b:9), (b:10)  

give a clear idea, which are drawn in the plan dimen-

sion as follows: 
 

Through the special cases of some different shapes ob-

tained by fixing some parameters of the entropy func-

tion defined in terms of the eight parameters, in which 

the entropy form appears in the form of discontinuous 

bumps (see graphs (b; 1), (b; 2), (b; 3)), and it expres-

ses a case study that needs to be expanded and to de-

termine its causes & consequences, which are caused 

by some changes in the values of some parameters and 

the stabilization of others. 

 
 

 

 
Graph (b;1): Extended Gamma function 

2,1,1,2/1,2,1,2;2/1   rkpnm  

 
 

Graph (b;2): Extended Gamma function
 

2,1,4,1,4,1,1;4   rkpnm  
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Graph (b;3): Extended Gamma function

 
1,5,1,2/1,2,2,2;3   rkpnm  

 
Graph (b;4): Extended Gamma function

 
2,0,1,1,0,4,3;4   rkpnm  

 

 
Graph (b;5): Extended Gamma function

 
1,3,1,1,3,0,2;0   rkpnm  

 
Graph (b;6): Extended Gamma function

 
1,3,3,1,3,0,1;5   rkpnm  

 

 
Graph (b;7):

 
Extended Gamma function 

0,1,1,2,2,1,2;4/1   rkpnm  

 
Graph (b;8): Extended Gamma function

 
3,2,1,1,2,1,2;4/1   rkpnm  

 

 
Graph (b;9): Extended Gamma function

 
4,3,2,3,2,2,2;3   rkpnm  

 
Graph (b;10): Extended Gamma function

 
5,4,2,2,1,1,1;1   rkpnm  
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Generating Extended Generalized Gamma-Dis-

tributed Random Variables 

We know the distributive function through the follo-

wing integrative mathematical formula: 
 𝐹𝑋(𝛼,𝑚, 𝑛, 𝑝, 𝑘, 𝜆, 𝛾)= ∫ 𝑡𝛼−1[𝑡𝑚 + 𝑛]−𝑟

Ʌ𝑟(𝛼,𝑚, 𝑛, 𝑝, 𝑘, 𝜆, 𝛾) 𝑒𝑥𝑝{−𝜆𝑡𝑝−1𝑥
0+ 𝛾𝑡1−𝑘}𝑑𝑡 

 

This basic function of the function defined by the 

extended gamma distribution allows us to extend 

well and continuous and fulfills a one-to-one func-

tion, thus accepting the inverse function, allowing us 

to find the value of the random variable X in terms 

of the values of the regular random variable in the 

period [0,1], using the function method Inverse 

defined by the closed formula, the alignment of the 

values of the random variable can be completed 𝑈 = 𝐹𝑋(𝛼,𝑚, 𝑛, 𝑝, 𝑘, 𝜆, 𝛾), & approximations are made 

in complex cases Using the closed-form of fitting by 

Tukey's Lambda distribution models, which is com-

patible with such problems, especially when using 

estimation methods that achieve a high degree of 

accuracy. The process of generating pseudorandom 

numbers allows us to easily in some special cases, 

where simpler methods can be used and allow buil-

ding algorithms compatible with the main goal of 

using the matching and simulation method for the 

process of matching and experimenting with non-

random numbers and benefiting from the possible 

results from computer experiments. 
 

DISCUSSION: 

The proposed generalization of the extended genera-

lized gamma function and distribution is a com-

monly used distribution that is appropriate for dif-

ferent age’s data, survival data, hydrological data, 

etc., so it provides more flexible gamma distribu-

tions for these different applications. In this family 

fall kinds of extended generalized gamma function 

subclasses using different quantitative functions of 

standardized value distributions, exponential, logis-

tic, logistic, extreme, and various other properties. 

Each of these subfamilies allows including moments, 

patterns, entropy, and deviation from the mean and 

the deviation from the median, and this indicates the 

new generalized gamma distributions. The extended 

gamma function is a very flexible function as it rela-

tes to real and quasi-real world data, which will en-

courage these suggestions for in-depth study in the 

future, especially in the presence of highly effective 

and efficient computers and software, which allow 

comparing the results obtained with other different 

types of distributions used, and frequently in the 

representation of random phenomena. In this paper, 

we proposed the extended function and extension by 

extension, and we defined a new model as an exten-

sion of the generalized gamma distribution intro-

duced by Stacy, (1962), and subsequent models and 

the distributions they include. 
 

CONCLUSION: 

The proposed model expands greatly to include seve- 

ral groups of special models, which provide some 

structural properties of the proposed functions and 

distributions. We build through the foregoing con-

clusion on the maximum probability by finding com-

prehensive families. We also define hybrid models 

that represent groups of hybrid families used for data 

analysis. The mixture model represented by this dis-

tribution can be considered a model of competitive 

causes, measurement, & tracking, where the mecha- 

nism of activation of causes is controlled by one of 

the variables that express it and emerge from the 

studied model through the process of alignment and 

simulation. We apply the new models to two real 

data sets to demonstrate their potential and also to 

perform an effective comparison. It is recommended 

that simulation and alignment studies be based on 

the proposed model to verify some characteristics of 

the finite sample for maximum probability estimates 

and to study new mechanisms for tracking random 

phenomena. 
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